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Introduction

In experimental and observational research, the Analysis of Covariance (ANCOVA) is a powerful statistical tool that
blends the strengths of ANOVA and linear regression. By adjusting for one or more covariates, ANCOVA increases
statistical power and reduces error variance, allowing researchers to isolate the effect of a primary factor on a
dependent variable. However, the validity of ANCOVA hinges on several critical assumptions. Among these, the
assumption of homogeneity of regression slopes—that the relationship between the covariate and the outcome
is consistent across all treatment groups—often receives the most scrutiny.

This article offers a deep dive into ANCOVA assumptions when slopes are unequal, exploring why slope
heterogeneity matters, how to detect it, and what to do when it violates the model. Whether you are a seasoned
statistician or a graduate student preparing a thesis, this guide will equip you with the knowledge and practical
steps needed to handle unequal slopes confidently.

What Is ANCOVA?

ANCOVA is an extension of the one-way ANOVA that incorporates one or more continuous covariates. The goal is
to compare the means of a dependent variable across groups while controlling for variability attributable to
covariates. Formally, the ANCOVA model can be written as:

Y_ij=;A2A i+;".....6-¢Of)+;Ub-

where Y_ij is the outcome for the j-th subject in group i, <E&<he treatment effect, ;is the slope of the covariate, X_ij
is the covariate value, X0githe overall mean of the covariate, and ;Uis-the residual error. The key insight is that
ANCOVA adjusts each subject’s outcome by the predicted effect of the covariate, thereby aligning group means on
a common baseline.

Core ANCOVA Assumptions

Before diving into slope heterogeneity, it is essential to review the full set of assumptions underlying ANCOVA.
Violating any of these can compromise the validity of the results.

1. Normality of Residuals

Residuals should follow a normal distribution within each group. This can be assessed with Q—Q plots or Shapiro—
Wilk tests.

2. Homogeneity of Variance (Homoscedasticity)

The variance of residuals should be equal across treatment groups. Levene’s test or Bartlett’'s test are common
diagnostics.

3. Independence of Observations

Observations must be independent; no subject should influence another’'s outcome. This is a design issue rather
than a statistical test.



4. Linear Relationship Between Covariate and Dependent Variable

The covariate must have a linear association with the outcome across the full range of data.

5. Homogeneity of Regression Slopes (Key Focus)

ANCOVA assumes that the slope of the covariate—outcome relationship is identical across all groups. If this
assumption fails, the group adjustments are biased, leading to misleading conclusions.

When Slopes Are Unequal: What Does It Mean?

Unequal slopes indicate that the effect of the covariate on the outcome varies by treatment group. In other words,
the covariate interacts with the primary factor. Consider an example where body mass index (BMI) is a covariate
and blood pressure is the outcome. If the effect of BMI on blood pressure differs between a medication group and a
placebo group, the regression slopes are unequal.

Implications for ANCOVA

» Biased Adjusted Means: Adjusted group means will be incorrect because they assume a common slope.
« Inflated Type | Error: The test for the treatment effect may incorrectly reject the null hypothesis.
* Misleading Effect Sizes: Estimated treatment effects may be overstated or understated.

Statistical Interpretation

Unequal slopes correspond to a statistically significant interaction term between the treatment factor and the
covariate in a regression framework. The correct model in this situation is:

Y =:A2A i+;%0,2u

where ;%8-a slope specific to group i. The presence of such an interaction means that the effect of the covariate is
not constant across groups.

Detecting Unequal Slopes

Before deciding how to handle slope heterogeneity, you must first determine whether it exists. Several diagnostic
tools can help.

1.Visual Inspection

1. Plot the dependent variable against the covariate for each group.
2. Fit aregression line to each group.
3. Look for parallelism; non-parallel lines suggest unequal slopes.

2. Interaction Term in Regression

Fit a linear model that includes an interaction term between the treatment factor and the covariate:

Y=;A2A_i+;",23 i(<E®’ ¢, 2

Test the significance of the interaction coefficient (;5p¢ A p-value below the chosen alpha level indicates unequal
slopes.

3. ANCOVA with Interaction

Some statistical software allows you to fit an ANCOVA model that includes an interaction term. If the interaction is
significant, the assumption of equal slopes is violated.



4. Residual Plots

Plot residuals against the covariate for each group. Systematic patterns (e.g., curvature) may signal slope
differences.

Handling Unequal Slopes

Once you've confirmed that slopes differ, you have several options. The choice depends on research goals, data
structure, and theoretical considerations.

1. Use ANCOVA With Interaction

The most straightforward approach is to include the interaction term in the model:
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This model estimates a separate slope for each group, providing adjusted means that account for the interaction.
However, it also consumes degrees of freedom and may reduce power if the interaction is weak.

2. Stratify or Match on the Covariate

Divide the data into strata based on covariate ranges and perform separate ANCOVAs within each stratum.
Matching subjects across groups on the covariate can also balance the slope differences.

3. Transform the Covariate or Outcome

Non-linear relationships can sometimes be linearized through transformations (e.g., log, square root). After
transformation, re-test for slope equality.

4. Use Generalized Linear Models (GLMs)

If the outcome is not normally distributed, a GLM with an appropriate link function can accommodate unequal
slopes more flexibly.

5. Apply Mixed-Effects Models

Random slopes models treat the slope as a random effect, allowing each subject to have a unique slope. This is
useful when the covariate’s influence varies across individuals rather than just groups.

6. Employ Propensity Score Methods

When the covariate is confounding the treatment effect, propensity score matching or weighting can balance
covariate distributions across groups, mitigating slope heterogeneity.

Practical Example: Unequal Slopes in a Clinical Trial

Let's walk through a concrete example using a simulated dataset. We'll compare two antihypertensive drugs (Drug
A and Drug B) on systolic blood pressure (SBP), adjusting for baseline weight. Suppose the effect of baseline
weight on SBP differs between drugs.

Step 1. Simulate Data

We generate 200 subjects, 100 per drug, with baseline weight ranging from 50 to 100 kg and SBP ranging from
120 to 180 mmHg. The true model includes an interaction between weight and drug.

Step 2: Fit Standard ANCOVA
Using R:



modell &lt;- Im(SBP ~ Drug + Weight, data = data)
summary(modell)

The p-value for Drug is significant, but the residual plots show a systematic pattern, indicating a potential
interaction.

Step 3: Test for Interaction

Add the interaction term:

model2 &lt;- Im(SBP ~ Drug * Weight, data = data)
summary(model2)

The interaction term is significant (p &lt; 0.01), confirming unequal slopes.

Step 4: Interpret Adjusted Means

Use the emmeans package to compute adjusted means for each drug at a common weight (e.g., 70 kg). The
adjusted mean difference now reflects the interaction.

Step 5: Report Findings
In the manuscript, state that the ANCOVA assumption of equal slopes was violated, the interaction was significant,
and the analysis was adjusted accordingly. Provide both unadjusted and adjusted effect estimates for transparency.

Checklist for Researchers

¢ Verify normality of residuals with Q—Q plots or Shapiro—Wilk tests.

Test homogeneity of variance using Levene’s test.

¢ Plot group-specific regression lines to assess parallelism.

Fit an interaction model and examine its significance.

If slopes differ, decide on a suitable analytical strategy (interaction model, stratification, transformation, etc.).
Report all diagnostics and the chosen method transparently.

Consider the impact on power and interpret results cautiously.

Conclusion

ANCOVA is a versatile tool that, when used correctly, offers powerful adjustments for covariates. However, the
assumption of homogeneity of regression slopes is pivotal; violating it can distort treatment effect estimates and
inflate error rates. By systematically testing for slope equality, visualizing data, and selecting an appropriate
analytical strategy—whether that's incorporating an interaction term, stratifying the sample, or adopting mixed-
effects models—researchers can preserve the integrity of their conclusions. Ultimately, rigorous diagnostics and
transparent reporting are the cornerstones of credible statistical analysis, ensuring that findings about treatment
effects remain valid even in the face of complex covariate interactions.
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